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Seismic bearing capacity of shallow
strip footings in seismic conditions

A.-H. Soubra

The seismic bearing capacity factors of
shallow strip footings are calculated. The
approach used is pseudo-static, where the
seismic effects are considered by taking into
account static inertia forces. The upper-
bound method of limit analysis is used. Two
failure mechanisms, referred to as the M1
and M2 mechanisms, are considered for the
calculation schemes. These mechanisms are
non-symmetrical. M1 consists of a log
sandwich composed of a triangular active
wedge, a log-spiral radial shear zone and a
triangular passive wedge. M2 consists of an
arc sandwich composed of a triangular
active wedge, a circular radial shear zone
and a triangular passive wedge. The solu-
tions obtained are rigorous upper-bound
ones in the framework of the limit analysis
theory for an associated flow rule Coulomb
material. For the static case, the numerical
results of the bearing capacity factors show
that the M1 mechanism gives the exact well-
known solutions of both the N.g and Ngg
factors. This is not the case with the M2
mechanism. However, for the N, factor, the
lowest upper-bound solutions are obtained
from the M1 mechanism for ¢ > 30° and
from the M2 mechanism for ¢ <30°. For the
seismic case, the lowest upper-bound solu-
tions of the seismic bearing capacity factors
obtained from both the M1 and M2 me-
chanisms are presented in the form of
design charts for practical use in geotech-
nical engineering. These results are com-
pared with other authors’ results.

Notation
By width of footing
c cohesion

ADpac, ADcp, ADpg incremental internal energy dissi-
pation along AC, CD and DE,

respectively

ADy incremental internal energy dissi-
pation

AD,q incremental internal energy dissi-
pation along the radial lines of the
log spiral or the circular shear
zone BCD

AV velocity along a velocity disconti-
nuity

AWagc, AWpep, incremental external work of re-

AWpgDpE gions ABC, BCD and BDE, re-

spectively

AWp, AWy incremental external work due to
the foundation load and surcharge
loading, respectively

fi, ... non-dimensional intermediate

functions

g1, ... &1 non-dimensional intermediate

functions

K; horizontal seismic coefficient

N,s, Nes, Ngs static bearing capacity factors

Nyg, Neg, Nge seismic bearing capacity factors

P ultimate foundation load

q surcharge loadings

qc ultimate bearing capacity

7, 0 polar coordinates of the surface CD

70 initial ray of the log-spiral surface,

ie. BC

S[AD] totalincremental energy dissipation

S[AW ]ext total incremental external work

V velocity

Vi velocity of the triangle ABC

Vs velocity of the triangle BDE

Wasc, Wepe weights of regions ABC and BDE,

respectively

aw elementary weight in the radial

shear zone BCD

a, B angular parameters of the failure

mechanisms

¢ angle of internal friction of the soil

y unit weight of the soil

Introduction

While the investigation of bearing capacity in
non-seismic areas has been reported at length in
the literature,l_7 the seismic bearing capacity of
strip footings has not been studied in detail in
the past. The traditional method for evaluating
the effect of an earthquake load on the stability
of a soil-foundation system is the so-called
‘pseudo-static method’. This method continues to
be used by consulting geotechnical engineers
because it is required by the building codes; it is
easy to apply and gives satisfactory results. The
very few studies available in the literature
describing the seismic effect on the bearing
capacity of foundations concern the work of
Meyerhof8 and Shinohara ef al.” Both ap-
proaches are pseudo-static: horizontal and ver-
tical accelerations are applied to the centre of
gravity of the structure and the problem is
reduced to a static case of bearing capacity with
inclined eccentric loads. However, in these
solutions, the inertia of the soil mass is not
included. Recently, Sarma and Tossifelis ™ have
suggested a method for calculating the seismic
bearing capacity of strip footings in seismic areas
by considering the inertia forces on all parts of
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the soil-structure system (soil and foundation).
Their method is based on an approach which
they have been using for the analysis of slopes;
it is a limit equilibrium method based on an a
priori assumption concerning the inter-slice
forces. It is well known that this category of
methods gives approximate solutions of the
failure load and that the solution cannot be said
to be an upper- or a lower-bound one with
respect to the exact solution. In this paper we
present an upper-bound limit analysis method.
This method allows us to get a rigorous upper-
bound solution with respect to the exact solution
for an associated flow rule Coulomb material
obeying Hill’'s maximal work principle. This
method is detailed in the following section.

Assumptions

2. An earthquake has two possible effects
on a soil-foundation system. One is to increase
the driving forces. The other is to reduce the
shearing resistance of the soil. The reduction in
the shearing resistance of a soil occurs only
when the magnitude of the earthquake exceeds
a certain limit and the ground conditions are
favourable for such a reduction. In this paper,
only the reduction of the bearing capacity
factors due to the increase in driving forces is
investigated under seismic loading conditions.
The shear strength of the soil is assumed to
remain unaffected by the seismic loading. The
assumptions made in the analysis can be sum-
marized as follows.

(@) The soil is homogeneous and isotropic. It is
assumed to be an associated flow rule
Coulomb material obeying Hill's maximal
work principle.

(b) The effect of pore water pressure is not
included.

(¢) A one-sided failure mechanism is assumed
to occur.

(d) Only the reduction of the bearing capacity
due to the increase in driving forces is
investigated under seismic loading condi-
tions. The shear strength of the soil is
assumed to remain unaffected by the
seismic loading.

(e) As was mentioned before, all inertias of the
soil-structure system are considered.

(f) The earthquake acceleration for both the
soil and the structure is assumed to be the
same. Only the horizintal seismic coefficient
K;, is considered, the vertical seismic coef-
ficient being often disregarded.

(g) The earthquake load on the structure is
represented by the base shear load acting at
the foundation level and an eccentricity for
the vertical foundation load. The moment
due to the seismic load on the structure is
not considered. Only the base shear load
will be taken into account.

The upper-bound theorem of limit
analysis

3. The upper-bound theorem of limit analy-
sis states that, for a kinematically admissible
velocity field, an upper-bound of the exact
collapse load can be obtained by equating the
power dissipated internally to the power ex-
pended by the external loads. A kinematically
admissible velocity field is one that satisfies the
flow rule, the velocity boundary conditions and
compatibility. During plastic flow, power is
assumed to be dissipated by general plastic
yielding of the soil mass, as well as by sliding
along velocity discontinuities where jumps in
the normal and tangential velocities may occur.
Note that the velocity field at collapse is often
modelled by a mechanism of rigid blocks that
move with constant velocities. Since no general
plastic deformation of the soil mass is permitted
to occur, the power is dissipated solely at the
interfaces between adjacent blocks, which con-
stitute velocity discontinuities. This kind of
velocity field will be used here. Finally, it should
be noted that in the case of the bearing capacity
problem, the upper-bound theorem gives an
unsafe estimate of the failure load.

Failure mechanisms

4. As was mentioned above, to obtain upper-
bound solutions for the bearing capacity pro-
blem, a kinematically admissible failure mech-
anism must be considered. According to the
normality condition for an associated flow rule
Coulomb material, for a kinematically admissible
failure mechanism the velocity along a plastic-
ally deformed surface, must make an angle ¢
with 'this velocity discontinuity. If the kine-
matically admissible mechanism is chosen, the
work equation is obtained by equating the rate
of external work done by the external forces to
the rate of internal energy dissipation along the
plastically deformed surfaces. Finally, the critical
failure load is then obtained after extremization
of the ‘potential’ failure load.

5. In a previous paper, Soubra and Rey-
nolds" have presented a rotational non-sym-
metrical failure mechanism for the seismic
bearing capacity of strip footings on slopes. The
results obtained overestimate the currently
accepted results in the static and seismic cases.
In this paper, the traditional translational mech-
anisms proposed by Terzaghi1 and Chen® will
be used by applying the upper-bound method of
limit analysis in order to obtain rigorous upper-
bound solutions. Two translational failure
mechanisms, referred to as the M1 and M2
mechanisms, are considered for the calculation
schemes.

M1 mechanism

6. This mechanism has been used by
Dormieux and Pecker' to calculate the seismic
bearing capacity factor N,g of a cohesionless
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soil. As shown in Fig. 1 this mechanism is
composed of a triangular active wedge ABC, a
log-spiral radial shear zone BCD and a trian-
gular passive wedge BDE. It is a log-sandwich
mechanism and will be referred to here as the
M1 mechanism. The log-spiral slip surface CD
is assumed to be a tangent to lines AC and DE
at C and D, respectively. This mechanism is
defined by the two angular parameters « and f.

7. The triangular wedge ABC is assumed to
be rigid. It moves with velocity V7, which makes
an angle ¢ with the discontinuity line AC in
order to respect the normality condition for an
associated flow rule Coulomb material. The
foundation is assumed to move with the same
velocity as the wedge ABC (i.e. V7); hence
there is no dissipation of energy along the soil-
structure interface.

8. The radial log-spiral shearing zone BCD
is bounded by a log-spiral curve CD, where the
equation for the curve in polar coordinates
(r,0) is » = ryexp (6tan ¢); the centre of this
log-spiral CD is at point B and the radius 7, is
the length of the line BC. Note that in this
mechanism we have assumed that the line AC
is a tangent to the log-spiral curve at point C;
hence there is no velocity discontinuity along
BC.

9. The radial shear zone BCD may be
considered to be composed of a sequence of
rigid triangles, as in the investigations by Chen
using the symmetrical Hill and Prandtl’s mech-
anisms. All the small triangles move as rigid
bodies in directions which make an angle ¢
with the discontinuity line CD. The velocity of
each small triangle is determined by the con-
dition that the relative velocity between the
triangles in contact has the direction which
makes an angle ¢ to the contact surface. It has
been shown® that the velocity V of each triangle
is V(0) = Viexp (ftan ¢). The log-spiral curve
CD is assumed to be tangent to line DE at D;
hence there is no velocity discontinuity along
line BD.

10. Finally, the triangular wedge BDE is
assumed to be rigid, moving with velocity
Vo =V (B) = Viexp (Btan ¢). Therefore, the
velocities so determined constitute a kinematic-
ally admissible velocity field. Having established
the velocity field of the kinematically admissible
failure mechanism, the different terms of the
work equation can be calculated as described
below.

11. Calculations of incremental external
work. The incremental external work due to an
external force is the external force multiplied by
the corresponding incremental displacement or
velocity. The incremental external work due to
self-weight in a region is the vertical component
of the velocity in that region multiplied by the
weight of the region. As shown in Fig. 2, the
external forces contributing to the incremental

Log-spiral slip surface

Fig. 1. Failure mechanism M1 for seismic bearing capacity analysis
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external work consist of the foundation load, the
weight of the soil mass, the surcharge q on the
foundation level and the different inertia forces.
These inertia forces concern the base shear
load and the inertia forces of the soil mass and
the surcharge loadings. The incremental exter-
nal work for the different external forces can be
easily obtained; the calculations are presented in
Appendix 1.

12. Calculations of incremental internal en-
ergy dissipation. The incremental energy dis-
sipation per unit length along a velocity
discontinuity or a narrow transition zone can be
expressed as

ADy, = cAV cos ¢ €]

where AV is the incremental displacement or
velocity which makes an angle ¢ with the
velocity discontinuity according to the associated
flow rule of perfect plasticity, and ¢ is the
cohesion parameter. Calculations of the incre-
mental energy dissipation along the different
velocity discontinuities are given in Appendix 1.

13. Work equation. By equating the total
external work (equation (24), Appendix 1) to
the total internal energy dissipation (equation
(32), Appendix 1), we have

P By

G =g, = y7NyE + ¢Neg + qNge 2
where N,g, N and Ny are the seismic bearing
capacity factors. They are given as follows

Fig. 2. Free body
diagram for the M1
mechanism
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M2 mechanism

14. As shown in Fig. 3, this mechanism is
composed of a triangular active wedge ABC, a
radial circular shear zone BCD and a triangular
passive wedge BDE. It is an arc-sandwich
mechanism and will be referred to here as the
M2 mechanism. As in the case of the M1
mechanism, the circular slip surface CD is
assumed to be tangent to lines AC and DE at C
and D respectively; hence there are no velocity
discontinuities along BC and BD. This mechan-
ism is defined by the two angular parameters a
and f.

15. The triangular wedge ABC is assumed
to be rigid. It moves with velocity V3, which
makes an angle ¢ with the discontinuity line
AC. The foundation is assumed to move with
the same velocity as the wedge ABC (i.e. V3).
The centre of the circular arc CD is at point B
and the radius 7, is the length of the line BC. It
has been shown® that the velocity V along the
circular shear zone is V(0) = V exp (6tan2¢).

16. Finally, the triangular wedge BDE is
assumed to be rigid, moving with velocity
Vo =V (B) = Viexp (Btan2¢). Therefore, the
velocities so determined constitute a kinematic-
ally admissible velocity field. Having established
the velocity field of the kinematically admissible
failure mechanism, the different terms of the
work equation can be calculated; these calcula-
tions are presented in Appendix 2. As with the
M1 mechanism, by equating the rate of the total
external work (equation (46), Appendix 2) to
the rate of the total internal energy dissipation
(equation (54), Appendix 2), we obtain equation
(2), where the seismic bearing capacity factors
are given as follows

1
cos (a + ¢) + Ky sin (& + ¢)
X [g1+ g5+ &5+ Kn(g2 + 84+ go)]
6

Ny =

1

~cos(a+¢) + Kysin (a + ¢)
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1
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cE
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Numerical results

17. The most critical bearing capacity can
be obtained by minimization of ¢g. (equation (2))
with respect to the parameters a and 3. A
computer program for assessing the seismic
bearing capacity has been developed based on
equation (2). The program gives the critical slip
surface and the corresponding critical bearing
capacity. In the following sections we present
the bearing capacity factors for the two mech-
anisms M1 and M2 obtained from the numerical
extremization of equations (3) to (8). The
results are then compared with those of other
authors for both static and seismic conditions.

Static case

18. The problem of bearing capacity in non-
seismic areas has been widely treated in the
literature by considering symmetrical failure
mechanisms and using the limit equilibrium, the
limit analysis or the slip line method.

19. N and Nys factors. For the N.s and
Ngs factors, it should be noted that the exact
solution is well described in the literature® and
is given as

Ngs = €™ tan? (g + g) )

Nes = (Ngs — 1) cotgp (10)

20. Table 1 compares the Nys and N
values obtained from the two proposed mech-
anisms with those of Terzaghi,1 Meyerhof,2
Sokolovski,3 Prakash and Saran,4 Saran’ and
Saran and Agarwal.7 It should be mentioned
here that the numerical bearing capacity factors
Ngs and Ns given by Sokolovski® are the same
as the ones given by the exact solutions
(equations (9) and (10)). It is clear from Table
1 that the solutions of the Nys and N factors
obtained from the M1 mechanism are the same
as the exact solution given by equations (9) and
(10). The corresponding critical slip surface
obtained from the minimization procedure cor-
responds to a =x/4+ ¢/2 and B = x/2, which
means that lines BD and DE are inclined at an
angle of /4 — ¢ /2 to the horizontal direction,
as it is the case of the symmetrical Prandtl
mechanism (see below). Note, however, that the
M2 mechanism greatly overestimates the Nqg

Fig. 3. Failure
mechanism M2 for
seismic bearing
capacity analysis
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Table 1. Comparison of static bearing capacity factors: (a) N.s; and (b) Ngs

(a
;5: deg Present Present Terzaghi1 Meyerhof2 Sokolovski® Prakash and Saran” Saran ang
solution solution Saran Agarwal
M1 M2
20 14-8 18 17-7 14-5 14-8 17-3 17-5 177
30 30-1 70 37-2 31 30-1 36-6 37-2 37-2
40 753 — 95.7 73 753 94-8 954 96
(b) 1 2 3 5
¢: deg Present Present Terzaghi Meyerhof Sokolovski Prakash and Saran Saran and
solution solution Saran Agarwal7
M1 M2
20 6-4 7-6 74 6-8 64 7-4 74 74
30 184 41-4 22-5 19-5 184 22-4 22-5 22-5
40 64-2 — 81-3 64 64-2 81-3 81-3 81-6
and N values, especially for large ¢ values, are more general mechanisms since they are
and equation (10) is still satisfied for this described by the two parameters a and  and
mechanism. they permit a greater freedom for the slip
21. N, factor. For the N,g values, many surface to develop, thus leading to smaller
solutions are proposed in the literature based upper-bound solutions of the bearing capacity
on different failure mechanisms. Chen® consid- problem.
ered three symmetrical failure mechanisms 23. Table 2 compares the N,s values ob-
referred to as Prandtll, Prandtl2 and Prandtl3 tained from the two proposed mechanisms with
and gave rigorous upper-bound solutions for those of Chen,6 Soubra and Reynolds,11 and
the three mechanisms in the framework of Soubra.”*™ It is clear from this table that the
the limit analysis theory. Prandtll is composed  solutions of the N,s factor obtained from the
of a triangular active wedge under the footing, M1 non-symmetrical mechanism are very close
two radial log-spiral shear zones and two to the ones obtained from the Prandtl2 sym-
triangular passive wedges. Prandtl2 differs from  metrical mechanism. The critical slip surface
Prandtll only in that an additional rigid body corresponds to the case when lines BD and DE
zone has been introduced. Finally, Prandtl3 are inclined at an angle of /4 — ¢/2 to the
resembles closely the Prandtll mechanism; horizontal direction. Note also that the results
however, each shear zone is now bounded by given by the M2 non-symmetrical mechanism
a circular arc. are in good agreement with the ones given by
22. Soubra and Reynolds11 and Soubra ™ the symmetrical Prandtl3 mechanism up to
considered one-sided non-symmetrical mechan- ¢ = 30°.
isms and developed upper-bound solutions for 24. Few of the available bearing capacity
the bearing capacity problem. While Soubra and theories for a non-symmetrical mechan-
Reynolds1 used a rotational log-spiral mechan- 15,16 belong to the limit equilibrium
ism, Soubra™®™ used translational mechanisms. method or the slip line methods and we cannot
One mechanism — is of the Coulomb type say if the solutions they give are upper- or
(two triangular wedges), whereas the other Bis  lower-bound ones with respect to the exact
composed of a triangular active wedge and a solution. However, as is well known in the
radial log-spiral shear zone. The latter mechan- framework of the limit analysis method, the
ism is described by a single parameter. The exact solution of a bearing capacity problem can
mechanisms M1 and M2 presented in this paper  be bracketed by the minimal upper-bound
Table 2. Comparison of static bearing capacity factor N,s (upper-bound solutions)
¢: deg Present Present Chen® Chen’ Chen’ Soubra and Soubra Soubra
solution solution ‘Prandtll’ ‘Prandtl2’ ‘Prandtl3’ Reynolds u
M1 M2
15 2:3 2-1 2:7 2:3 2-1 32 2:4 2:5
20 52 4-8 59 52 4-6 73 55 59
25 114 11-1 124 114 109 16-5 12-1 14-1
30 25 315 26-7 25 31-5 381 26-8 36-4
35 57-1 152-2 60-2 57 138 925 61-6 115-6
40 140-5 5444-4 147 141 1803 243-9 152-6 642-8
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solution and the maximal lower-bound solution.
Therefore, in this paper only the minimum
value obtained by the different available upper-
bound methods (i.e. Chen, % mechanism M1 or
M2, Soubra and Reynolds h or Soubra ™™
should be considered. It should be mentioned
that the minimum results of the present non-
symmetrical mechanisms [Min (M1, M2)] give
the lowest upper-bound solutions of the non-
symmetrical mechanisms available in the litera-
ture in the framework of the limit analysis
theory g1e Soubra and Reynolds, " and
Soubra ™! ) Note that in the following we will
consider the minimal values of the two mech-
anisms M1 and M2 in order to provide the
geotechnical engineer with the lowest upper-
bound solution.

25. For the sake of completeness, Table 3
compares the N,g values obtained with those of
different authors using the limit equ1l1br1um
method and the slip l1ne method (T erzaghr
Meyerhof Sokolovsk1 Prakash and Saran,
Saran Sarma and lossifelis,” and Saran and
Agarwal ). It is generally known that Terzag-
hi's! values give a conservative estimate. Ex-
periments performed on models and at full scale
by Muhs and Kahl Feda Sehg and
McKee 9 and De Beer® showed that Terza-
ghi’s analys1s underestimates the bearing capa-
city. Saran® showed by analysmg model test
data that the values of Terzagh1 Meyerhof
and Sokolovski® underestimate the N,s values.
The present N,s values chosen as the minimal
values of the M1 and M2 mechanisms are in
good agreement with those of the non-symme- 09
trical mechanism of Sarma and Iossifelis " using
the limit equilibrium method; the difference
does not exceed 5% when ¢ = 40°.

26. Finally, one can easily see that in most
cases M1 gives smaller values for the bearing
capacity factors than M2, except for the N,g
factor when ¢ < 30°.

equilibrium method, the solutions presented by
Soubra and Reynolds and Soubra™*! are
upper-bounds to the exact solution for an
associated flow rule Coulomb material in the
framework of the limit analysis theory.

28. Figure 4 shows the comparison of the
present reduction factor N,g/N,s obtained
using the M1 mechanism W1th the one given
by Dormieux and Pecker'? for ¢ = 30°. The
difference between the two curves is due to
the fact that Dormieux and Pecker'? have
limited the a parameter to 7/2 as mentioned
in their paper. In fact, a <x/2 is valuable
only for small values of Kj; for greater values
of Ky, a becomes greater than s/2. Table 4
presents the values of the angular parameters a
and S obtained from the numerical minimization
by considering the restnctron a<x/2 (Dor-
mieux and Pecker' ) and the unrestricted
values from the present analysis. It is clear from
this table that the difference with Dormieux and
Pecker appears when Kj = 0-25, where
a>m/2.

29. Tables 5 to 7 give the seismic bearing
capacity factors N,g, Ncg and Ngg from both
the M1 and M2 mechanisms. As in the static
case, in most cases M1 continues to give
smaller values for the seismic bearing capacity
factors than the M2 mechanism, except for the
N,g factor when ¢ < 30°. Furthermore, it
should be mentioned that the present results

Fig. 4. Comparison of
the present solution
and that of Dormieux
and Pecker™ for the

M1 mechanism

(¢ =30°)

Q
[
!

Reduction factor N,g/N,g
o
4]

0-4

Seismic case 0-31

27. The analysis of the seismic bearing 024
capacity problem by a pseudo-static approach,
considering the inertia forces both on the soil 01
mass and on the structure, has been under- 0 | : : !
taken by Sarma and Ioss1fel1s % Soubra and 0 005 01 015 02 025 03 035 04
Reynolds, " Richards et al ® and Soubra,™ Kn

While the analyses of Sarma and Iossifelis™* and
of Richards ef al.™® are based on the limit

—e— Present solution —s— Dormieux and Pecker'?

Table 3. Comparison of static bearing capacity factor N,s with available limit equilibrium and slip line methods

¢: deg Present ’I‘erzaghi1 Meyerhof2 Sokolovski® Prakash and Saran’ Sarma and Saran and
solution Saran" Tossifelis " Agarwal7
Min (M1, M2)
20 4-8 5 2-8 3.2 3-8 6 57 6-4
30 25 19-7 16 15-3 19-4 293 25 294
40 140-5 100-4 95 85-3 115-8 165-3 133-8 166-1
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Table 4. Comparison z}f the angular parameters a and 3 as given by the present analysis and that of
Dormieux and Pecker™” for ¢ = 30°

K, Present solution Dormieux and Pecker 12

a: deg p: deg N,g a: deg p: deg Nyg
0 74-74 75-26 24-98 74-74 75-26 24-98
0-05 78-56 69-49 19-95 78-56 69-49 1995
01 82-39 63-74 1563 82-39 63-74 15-63
0-15 86-24 57.98 11.97 86-24 57.98 11.97
0-2 90-09 52.23 894 90-00 52.23 8-94
0-25 93.92 46-47 6-47 90-00 50-52 6-74
0-3 97-76 40-69 4-50 90-00 48-69 5-25
0-35 101-52 34-83 2:97 90-00 46-79 4-16
0-4 105-38 2894 1.81 90-00 44.76 331

Table 5. Seismic bearing capacity factor N,g from the M1 and M2 mechanisms

K, ¢: deg
15 20 25 30 35 40
0 23 52 114 250 57-1 1405
0-1 11 3.0 6-9 15-6 36-1 884
0-2 — 1.3 36 89 214 530
0-3 — — 1-5 4-5 11.7 30-1
Ml 04 — — — 1.8 58 16-0
05 — — — — 23 7.8
0-6 — — — — — 33
0 2-1 4-8 11-1 31-5 152-2 5444-4
0-1 — 27 6-6 189 85-2 22887
0-2 — 12 34 10-3 444 9121
M2 0-3 — — 14 4.9 213 3451
0-4 — — — 19 9-1 123.2
0-5 — — — — 33 40-6
0-6 — — — — 0-8 11.7
07 — — — — — 25

Table 6. Seismic bearing capacity factor N from the M1 and M2 mechanisms

K, ¢: deg
15 20 25 30 35 40
0 110 14-8 20-7 30-1 461 75-3
01 9-5 12.7 175 25-0 376 60-1
0-2 7-9 10-5 14-3 20-3 30-0 469
0-3 6-4 8:5 11.5 16-1 235 36-1
04 51 67 91 12-6 181 274
M1 0-5 4-0 5-2 7-0 9.7 13-8 20-7
0-6 30 4.0 54 7-4 10-5 155
0-7 — — 4-0 56 7-9 116
0-8 — — — 4.2 59 87
09 — — — 31 44 65
1 — — — — 33 4.9
0 119 180 31-3 70-0 280-6 —
0-1 10-2 151 25-3 537 193-8 —
02 85 12:3 199 401 130-7 —
0-3 6-8 9.7 15-3 29-2 86-4 —
M2 0-4 53 75 114 20-9 563 —
0-5 41 56 84 14.7 36-1 —
06 — 41 60 101 22:9 —
07 — — 4.2 6-8 14-2 —
08 — — — — 86 —
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Table 7. Seismic bearing capacity factor Ny from the M1 and M2 mechanisms

K, ¢: deg
15 20 25 30 35 40
0 39 6-4 10-7 184 33-3 64-2
0-1 31 50 8-3 14-3 25-6 487
0-2 21 36 6-2 10-7 19-0 359
M1 0-3 — 22 4.2 75 13-6 257
0-4 — — 2:5 5.0 94 17-9
05 — — — — 60 12:0
06 — — — — 35 7.7
07 — — — — — 46
0 4.2 7-6 15-6 414 197-5 —
0-1 32 57 11-5 29-1 125-0 —
0-2 2-1 4.0 80 19-5 76-2 —
M2 0-3 — 24 51 12-4 44-6 —
0-4 — — — 7-3 249 —
0-5 — — 36 13-0 —
0-6 — — — — 58 —
[Min (M1, M2)] give the lowest upper-bound 25
solutions of the non-symmetrical mechanisms
available in the literature in the framework of
the limit analysis theory. """ 207
30. Figure 5 shows the variation of the
seismic N,g value with the horizontal seismic 15
coefficient K;, when ¢ = 30°, as given by the
. o 1. 10 ut
present analysis, Sarma and lossifelis™ and =
Richards et al.”> The comparison of the present 10+

upper-bound solution with the solutions pre-

sented by Sarma and Iossifelis 1 and Richards
et al.” in the framework of the limit equilibrium 5
method shows good agreement. The maximum
difference does not exceed 13% when compared

with Sarma and Iossifelis’ results and 6% % 0:05 01 015 02 0-25 03
compared with Richards et al. " K,

31. Figures 6 to 8 show design charts of the
seismic bearing capacity factors as given by the | —o— Present solution —&— Sarma and lossifelis’®  —— Richards et a/*®
present analysis for ¢ = 20°, 25°, 30°, 35° and
40°. In these ﬁ&fur?swthe values proposed by Fig. 5. Variation of the seismic bearing capacity factor N,g with Ky, as given
Sarma and lossifelis ~ for the same ¢ values by different authors (¢ = 30°)

and those proposed by Richards et al. © for

¢ = 20° 30° and 40° are also presented. These
figures again confirm the agreement of the
present results with those of these authors for
the different values of ¢ and Kj, except for the
Nk value proposed by Richards et al. > This
may be explained by the fact that Richards = ™~ . = —~————- Richards et a
et al.” have used equation (10) to calculate the
seismic factor N.g without any real justification,
as they mentioned in their paper.

32. Figure 9 shows the variation of N,g/N,s
with Kj, for ¢ = 35°, accordin% to the present
analysis (Sarma and Iossifelis, % Soubra and
Reynolds,11 Soubra, 1314 pichards et al. ™ and
Budhu and Al-Karni 16). It can easily be seen
that the present solutions in terms of the
reduction in the N,g factor agree well with the
ones of Richards ef al.”® and Sarma and
JTossifelis, 10" as was shown in Fig. 5. For the ¢
value used in Fig. 9 (¢ = 35°), this agreement is
best with the results of Richards et al.” Fig. 6. Design charts for N,g ————
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33. Finally, it should be mentioned that the
seismic acceleration generated by earthquakes
not only imposes extra loadings on a soil mass
but also shifts the sliding surface to less
favourable positions. Fig. 10 shows that the
critical slip surface of the M1 mechanism
becomes shallower as the acceleration intensity
increases. This conforms with the results of
Richards et al.™

Conclusions

34. Two failure mechanisms have been
considered for the analysis of the seismic
bearing capacity factors using the upper-bound
method in limit analysis. The solutions pre-
sented are rigorous upper-bound ones in the
framework of the limit analysis theory for an
associated flow rule Coulomb material. The
numerical results obtained lead to the following
conclusions.

(@) For the static case, the log-sandwich mech-
anism M1 gives the exact solutions of the
N and N factors. The angular para-
meters obtained from the numerical mini-
mization show that the passive triangular
wedge is in a passive Rankine state, as it is
in the case of the symmetrical Prandtl
mechanism. However, the arc-sandwich
mechanism M2 gives non-interesting results
in this case since one obtains higher upper-
bound solutions than the former mechan-
ism. For the N,g factor, it was found that
the results of the M1 mechanism are very
close to the ones of the symmetrical failure
mechanism Prandtl2 considered by Chen
using the limit analysis method, and that the
critical failure mechanism corresponds to
the case when the passive wedge is in a
Rankine state. However, the M2 mechanism
gives results which are very close to
another symmetrical mechanism, PrandtlB,6
up to ¢ = 30°. For design purposes, one has

100

— Present solution
Sarma and lossifelis'®
— — ~ Richards et al.*®

02 03 04 05 06

Fig. 7. Design charts for N

100

— Present solution

Sarma and lossifelis'®
Richards et al.'®

0 01

02 03 0-4 05 06

Ky

Fig. 8. Design charts for Ny

NyE/,VyS

REREEE]

Present solution
Sarma and lossifelis'®
Soubra and Reynolds*
Soubra®®

Richards et al.*®
Budhu and Al-Karni'®

Soubra*

Fig. 9. Variation of
NyE/NyS with Kh as
given by different
authors (¢ = 35°)



Fig. 10. Critical slip surfaces from the M1 log-sandwich mechanism (¢ = 35°)

to choose the minimal value from both the
M1 and M2 mechanisms [Min (M1, M2)].
Note that the lowest upper-bound solutions
are obtained from the M1 mechanism when
¢ > 30° and from the M2 mechanism when
¢ < 30°. The present upper-bound solutions
[Min (M1, M2)] are smaller than the ones
available in the literature for non-symme-
trical failure mechanisms in the framework
of the upper-bound method of limit analysis
theory.

(b) For the seismic case, in most cases the log-
sandwich M1 mechanism continues to give
smaller values for the seismic bearing
capacity factors than the arc-sandwich M2
mechanism, except for the N, factor when
¢ < 30°. For design purposes, one has to
choose the minimal values from both
mechanisms. It should be mentioned that
the present upper-bound solutions for the
seismic bearing capacity factors are the
smallest ones with respect to the results
available in the literature in the framework
of the kinematical method of limit analysis.
Furthermore, the present results for the
seismic bearing capacity factors are in good
agreement with the ones of Sarma and
Tossifelis ' and Richards et al. using the
limit equilibrium method. These results are
presented in the form of design charts for
practical use.

Appendix 1

35. In this appendix, we present the different
expressions for the incremental external work of the
different regions of mechanism M1, together with the
internal energy dissipation for the same mechanism.

Incremental external work

36. The different elements of the incremental
external work for the M1 mechanism can be calculated
as follows.

(@) Incremental external work due to self-weight and
inertia force of triangle ABC

AWppc = VTBg [f1(a, B) + Knfa(a, P1V1 1n

where

__sin2acos (a — ¢)

fi= 2cos ¢ 12

sin 2a tan a cos (a — ¢)
2cos¢

(b) Incremental external work due to self-weight and
inertia force of the radial shear zone BCD

fo= 13)

2
AWsco = V0 Ufsw ) + Kafalw 12 (1)
where

_cos? (a— @) «
 cos?¢

eSﬁtan¢{[3tan¢Cos ((Z-‘rﬂ) + sin (OL-‘rﬁ)]
1+ 9tan® ¢

[-3tan¢ cosa — sinal
B 1+ 9tan? ¢ (15)

_cos® (a—¢) -
 cos?¢

egﬂmn(p{[?)tan(psin (a+ p) —cos (a+ )]

1+ 9tan® ¢

—[3tan ¢ sin a + cos a]
1+ 9tan® ¢ } (16)

(¢) Incremental external work due to self-weight and

inertia force of triangle BDE

Mwe =0+ Kifala Vi (1D
where

cos (a + ) sin (a + p) cos? (a — ¢) oHan g

fo== cos (a +f — ¢) cos¢

(18)

_cos*(a—g)sin® (@ +B) g0
fo=- cos (a + 8 — ¢) cos ¢ ¢ 49

(d) Incremental external work due to the foundation
load and the corresponding inertia force

AWp = P(cosa + Ky, sina) Vq (20)

(¢) Incremental external work due to the surcharge
loading and the corresponding inertia force

AWy = qBolf7(a, B) + Kifs(a, P)1V1 @y
where
_cosacos(a—@)cos(a+p) i
fi= os@ipop  C @
_ _cos(a—¢)sin(@+ph) apan
fs=- cos(a+B—¢) e =

37. The total incremental external work is the
summation of these five contributions; that is, equa-
tions (11), (14), (17), (20) and (21)

z:[AVV]ext =
AWapc + AWgep + AWgpg + AWp + AWq (24)

SEISMIC BEARING CAPACITY
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Incremental internal energy dissipation

38. The different elements of the incremental
internal energy dissipation for the M1 mechanism can
be calculated as follows.

(a) Along AC

ADpc = cBofo(a, V1 (25

where

fo =sina (26)
(b) Along DE

ADpg = ¢By fio(a, f) V1 27

where

fio=—2 (c(j):(f T‘;‘Z; ?) pang @8)
(¢) Along CD

ADcp = ¢Bof11(a, A V1 29

where

= OGP @ ) (30)

(d) Along the radial lines of the shear zone BCD

ADryq = ADcp (81

39. The total incremental energy dissipation is the
summation of these four parts: that is, equations (25),
@27), (29) and (31)

2[AD] = ADyc + ADpg + ADcp + ADyyq (32)

Appendix 2

40. In this appendix, we present the different
expressions for the incremental external work of the
different regions of mechanism M2, together with
the internal energy dissipation for the same mech-
anism.

Incremental external work

41. The different elements of the incremental
external work for the M2 mechanism can be calculated
as follows.

(@) Incremental external work due to self-weight and
inertia force of triangle ABC

B

AWape =50 g1, ) + Kngo(@, DIVL (33)

where

g - sin 2a cozs (a+ ¢) 34)
sin 2a sin (a +

& — w (35)

(b) Incremental external work due to self-weight and
inertia force of the radial shear zone BCD

vBy
AWscp = 5 Lg3(a, B) + Knga(a, p)IV1 (36)

where

_ COSZ(Z tan 2¢
83 = m{
X [tan2¢ cos (a + ¢ + ) +sin (@ + ¢ + )]

— [tan2¢ cos (a + ¢) + sin (a + ¢)]} @37

_ cos’a fan 26
X [tan2¢ sin (@ + ¢ + B) — cos (a + ¢ + B)]

— [tan2¢ sin (& + ¢) — cos (a + (7))]} (38

(¢) Incremental external work due to self-weight and
inertia force of triangle BDE

2
AWios =70 g5 (e ) + Kugs s IV (39

where

7coszasin (a+p) cos (a+pB+¢) oftan 29
cos (o + f)

85 =
(40)

B cos? asin (a + B) sin (a + f + ¢) oftan2p
cos (a + f)

86 =
4D

(d) Incremental external work due to the foundation

load and the corresponding inertia force
AWP = P[COS ((1 + ¢) + Kh sin ((Z + ¢)] V] (42)

(e) Incremental external work due to the surcharge
loading and the corresponding inertia force

AWy = qBolgi(a, B) + Kngs(a, p)1V1 43)
where
__cosacos (@+B+@) pung
. cos (a + f) . 4
_cosasin(a+B+¢) guanz
8= cos (@ +p) ot (45)

42. The total incremental external work is the
summation of these five contributions; that is, equa-
tions (33), (36), (39), (42) and (43)

S[AW]ext = AWape + AWpep + AWppg

+AWp + AWy (46)

Incremental internal energy dissipation

43. The different elements of the incremental
internal energy dissipation for the M2 mechanism can
be calculated as follows.

(@) Along AC

ADyc = ¢Bygo(a, f) V1 47

where

g9 = sina cos ¢ (48)
(b) Along DE

ADpg = cBogu(a, f)V1 (49)

where

g0 = —— a:)r; (((; j_/;)) COSP eptan 2 (50)
(¢) Along CD

ADcp = cBogu(a, B)V1 (G2Y)

where

gu = SSEBP (epnzp ) (52

tan 2¢
(d) Along the radial lines of the shear zone BCD

ADrad = ADcp (53)



44. The total incremental energy dissipation is the

summation of these four parts: that is, equations (47),
(49), (51) and (53)

S[AD] = ADAC + ADpg + ADcp + ADrad (54)
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